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Abstract 

The deep connection between gravitational dynamics and horizon thermodynamics leads 
to several intriguing features both in general relativity and in Lanczos-Lovelock theories of 
gravity. Recently in arXiv: 1312.3253 several additional results strengthening the above con¬ 
nection have been established within the framework of general relativity. In this work we 
provide a generalization of the above setup to Lanczos-Lovelock gravity as well. To our ex¬ 
pectation it turns out that most of the results obtained in the context of general relativity 
generalize to Lanczos-Lovelock gravity in a straightforward but non-trivial manner. First, we 
provide an alternative and more general derivation of the connection between Noether charge 
for a specific time evolution vector field and gravitational heat density of the boundary surface. 
This will lead to holographic equipartition for static spacetimes in Lanczos-Lovelock gravity 
as well. Taking a cue from this, we have introduced naturally defined four-momentum cur¬ 
rent associated with gravity and matter energy momentum tensor for both Lanczos-Lovelock 
Lagrangian and its quadratic part. Then, we consider the concepts of Noether charge for 
null boundaries in Lanczos-Lovelock gravity by providing a direct generalization of previous 
results derived in the context of general relativity. 

Another very interesting feature for gravity is that gravitational field equations for arbi¬ 
trary static and spherically symmetric spacetimes with horizon can be written as a thermo¬ 
dynamic identity in the near horizon limit. This result holds in both general relativity and 
in Lanczos-Lovelock gravity as well. In a previous work [arXiv: 1505.05297] we have shown 
that, for an arbitrary spacetime, the gravitational field equations near any null surface gener- 
ically leads to a thermodynamic identity. In this work, we have also generalized this result to 
Lanczos-Lovelock gravity by showing that gravitational held equations for Lanczos-Lovelock 
gravity near an arbitrary null surface can be written as a thermodynamic identity. Our gen¬ 
eral expressions under appropriate limits reproduce previously derived results for both the 
static and spherically symmetric spacetimes in Lanczos-Lovelock gravity. Also by taking ap¬ 
propriate limit to general relativity we can reproduce the results presented in arXiv: 1312.3253 
and arXiv: 1505.05297. 
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1 Introduction 


In recent years, several interesting features have been derived for gravitational theories in which 
the field equations do not contain more than second order derivatives of the dynamical variable. 
This general class of gravity theories are known as Lanczos-Lovelock theories of gravity which 
includes general relativity as a special case [1-3]. All these features are shown to stem from the 
deep connection between gravitational dynamics and horizon thermodynamics. Even though they 
first emerged in the context of general relativity showing that Einstein’s field equations near a 
horizon become a thermodynamic identity [4-17], this result transcends general relativity and 
extends naturally to horizons in spherically symmetric and static spacetimes within Lanczos- 
Lovelock theories of gravity [18,19]. Horizons in general (and black holes in particular) possess 
thermodynamic attributes like entropy [20,21] and temperature [22-25]. Also any null surface 
can act as a local Rindler horizon for some observer [6]. The above framework allows one to 
introduce observer-dependent thermodynamic variables near any arbitrary event in the spacetime. 
From all these evidences it seems natural to think of gravitational dynamics as a long wavelength 
thermodynamic limit of some microscopic degrees of freedom [26-31]. This emergent gravity 
paradigm has received significant amount of support from later investigations, especially from the 
following results: 

• The action functional for gravity is expressible as a sum of a bulk term and a surface term 
with a “holographic” relation between them. This result holds both in Einstein gravity and 
in all Lanczos-Lovelock theories of gravity [32-34] . 

• Gravitational field equations when projected on an arbitrary null surface, reduces to the 
Navier-Stokes equation of fluid dynamics in any spacetime [35-37]. 

• Gravitational field equations in all Lanczos-Lovelock models can be obtained from ther¬ 
modynamic extremum principles [29, 38] involving the heat density of null surfaces in the 
spacetime. 

• In [39] a pair of conjugate variables and A^=j = -TJjj, -f 

have been introduced in terms of which the gravitational action can be interpreted as a 
momentum space action. Also variation of these variables has very natural thermodynamic 
interpretation, is related to variation of entropy and is related to variation of 

temperature when evaluated on an arbitrary null surface. This idea has been generalized 
to Lanczos-Lovelock gravity in [40] by introducing a new set of variables with identical 
thermodynamic interpretation. 

• This paradigm also offers a possible solution to the cosmological constant problem. In this 
paradigm (a) the field equations are invariant under addition of a constant to the matter 
Lagrangian, (b) the cosmological constant appears as an integration constant and finally (c) 
its value can be determined by postulating a dimensionless number (known as CosMIn) to 
have a value 47r [41,42]. This dimensionless number counts the number of modes that cross 
the Hubble volume at the end of inflation and re-enters the Hubble volume at the beginning 
of late-time acceleration phase [42] . 

Recently in [43] the connection between gravity and thermodynamics has been explored further in 
the context of general relativity. It has been demonstrated in [43] that, in the context of general 
relativity, the following results hold: 
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• The total Noether charge contained in a S-volume TZ, evaluated for a specific time evolution 
vector field, can be interpreted as the surface heat density of the boundary dTZ of the volume. 

• The time evolution of the spacetime itself can be described by the difference between surface 
and bulk degrees of freedom. Here the surface degrees of freedom, Nsm is equal to the area 
of the boundary and iVbuik is the Komar energy modulo average Unruh-Davies temperature 
of the boundary surface. For static spacetime this will lead to holographic equipartition: 
Ngur — f^bulk- 

• For suitably defined gravitational momentum related to a specific time evolution vector, 
total energy (gravity+matter) in a bulk volume TZ turns out to be the heat density of the 
surface dTZ. 

• For a bulk region bounded by null surfaces, the total Noether charge within that region is 
related to ‘heating’ of the boundary surface. 

In the past, virtually every result related to thermodynamic structure of gravity in the context of 
general relativity has been generalized to Lanczos-Lovelock models of gravity. In this case as well 
it is worth investigating whether the above description can also be generalized to Lanczos-Lovelock 
gravity. This is very important since the expression for horizon entropy in general relativity is just 
a quarter of the horizon area, while in Lanczos-Lovelock models, the corresponding expression is 
much more complex. Given this fact it is not clear a priori whether our results — interpretation 
of Noether charge for both timelike and null surfaces along with gravitational momentum — will 
generalize to Lanczos-Lovelock gravity. We will show in this work that, all these results possess a 
natural generalization to Lanczos-Lovelock gravity. 

There is another very important and curious connection between gravitational dynamics and 
horizon thermodynamics. This originates from the fact that field equations for gravity near a 
horizon in both static [19] and spherically symmetric spacetime [18] can be written as a thermo¬ 
dynamics identity. In this work, we will try to generalize this result for an arbitrary spacetime 
with a null surface, which is neither static nor spherically symmetric. As we have mentioned 
earlier—by introducing local Rindler horizon it is possible to attribute thermodynamical entities 
like temperature and entropy to the null surface. Also components of energy momentum tensor 
has physical interpretation, e.g., the component (where r is like the radial coordinate) can be 
taken as a measure of radial pressure in spherically symmetric spacetime. Then we can consider 
an infinitesimal displacement of the null surface along the outgoing null geodesic with affine 
parameter lambda. From the above virtual displacement we can ask the physical meaning of the 
following object T6\S — P5\V. In both static and spherically symmetric spacetimes the above 
object is 5\E^ for some suitably defined energy E. Thus through this exercise it would be possible 
to identify the energy (the relation of this object with standard notions of energy will be discussed 
elsewhere) for an arbitrary null surface through its appearance in the thermodynamic identity. 
Starting from this thermodynamic identity in an arbitrary spacetime with a null surface, taking 
suitable limits we can arrive at both the static and spherically symmetric results respectively. 
Thereby verifying previous results along this direction in the literature explicitly from our general 
formulation. 

The paper is organized as follows: First in Sec. 2 we have provided a brief introduction to 
Lanczos-Lovelock gravity to make the reader familiar with notations and conventions. Next in 
Sec. 3 we will derive the equivalence of gravitational Field equation with a thermodynamic identity 
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for an arbitrary null surface, which then is applied in Sec. 4 to static spacetime and spherically 
symmetric spacetime to retrieve the respective result in those cases as well. Furthermore, in Sec. 5 
we have presented all the results generalized to Lanczos-Lovelock gravity, which involves Noether 
charge, gravitational momentum and null surfaces. Finally, we have concluded with a discussion 
on our results. All the relevant derivations are summarized in App. A.l, App. A.2 and App. A.3. 

Throughout this paper, we work in a D dimensional spacetime where we use metric signature 
(—, +, +,+,...) with all the fundamental constants G, h and c being set to unity. All the Latin 
indices a,b,... run from 0 to {D — 1), Greek indices /r, iz, ... run from 1 to (iH — 1) and capitalized 
Latin indices A,B,... stand for transverse coordinates. 


2 A Brief Introduction to Lanczos-Lovelock Gravity 

In this paper, we will work exclusively within the framework of Lanczos-Lovelock gravity. Thus 
before going to the main body of this work it is advantageous to introduce some definitions and 
notations that we will follow throughout [3] . For that purpose we will provide a brief introduction 
to the Lanczos-Lovelock gravity itself. 

We will start by consider the most general setup of a D-dimensional spacetime in which the 
action functional for gravity is described by an arbitrary function of metric g°‘^ and curvature 
^%cd- Thus the action functional takes the following form: 


A = [ d^Xy/^L{g^\R%J (1) 

Jv 

It should be emphasized that the gravitational Lagrangian introduced above depends both on the 
curvature and the metric but not on the derivatives of the curvature i.e., the Lagrangian contains 
terms only up to second order derivatives of the metric. The most important quantity, which will 
be extremely helpful for our later purpose, derived from the Lagrangian, is the following tensor: 


pabcd 


dL 

dRabcd 


9ij 


( 2 ) 


This tensor has all the algebraic symmetry properties of the curvature tensor, namely: (a) anti¬ 
symmetry in first two and last two indices, (b) symmetry under pair exchange and finally (c) cyclic 
identity. Using this tensor an analogue of the Ricci tensor in general relativity can be constructed 
by the following definition 

This tensor is indeed symmetric under interchange of the indices (a, b) alike the Ricci tensor; but 
the result is nontrivial to prove (for this result and other properties of these tensors, see [35]). 
Having defined the action functional the next obvious task is to consider a variation of the action 
functional to get the field equations. The variation of the action presented in Eq. (1) leads to the 
result: 

SA= [ d^xy/^EabSg°^^ + [ d^x^f^VjSv^ (4) 

Jv Jv 

where Eab represents the field equation term resulting from the variation of the bulk part of the 
action and Sv°' is the boundary term which we generally set to zero at the boundaries (if the 
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boundary term contains normal derivatives then we need to add a counter term to the action). 
Both the field equation term and the boundary term are given by the following expressions: 


Eat = Tlat - \gabL - (5a) 

= 2P^'>^<^Vt5gd^ - 25gd^V (5b) 


The quantity involves second order derivatives of the metric which in turn implies that the 

term V™V"Pamnf) in E°'^ contains fourth order derivatives of the metric. Therefore, in order to 
get field equation containing only second order derivatives of the metric we must impose an extra 
condition on such that 

^^pabcd ^ Q_ (g) 

Hence the problem of obtaining field equation having up to second order derivatives of the metric 
from an action functional reduces to that of finding scalar functions of curvature and metric such 
that Eq. (6) is satisfied. It turns out that such a scalar indeed exists and is unique; it is given by 
the Lanczos-Lovelock Lagrangian [2,3,18,27,32] in D dimensions, as 




E 


dLr, 


dRc 


-Rc 


bed 


bed 


= E^ 


*• -nabed jD 

^abed 


(7) 


The Lagrangian is a homogeneous function of Rated of order m which can be written as 
Lm = Q^^Ratcd- This Can be used to identify P^^-^ = "^nQ^y From now on we shall work with 
this mth order Lagrangian since any result obtained for Lm can be generalized to most general 
Lagrangian in Eq. (7) in a straightforward manner. Henceforth we shall drop the m index. For 
this mth order Lanczos-Lovelock Lagrangian we have the following explicit expression for in 
terms of the curvature tensor: 

r)T ml 

pat _ ^ ™ _ !"■ ...amb-m. pC 2 d 2 pCtndm = ('k\ 

^cd gjpd ^gjj. 2in ^cdC2d2 ..Cmdm ^02^2 ■■■ 

where we have ^adc 2 dl c^it' completely antisymmetric determinant tensor. This relation 

will be used extensively later. 

Diffeomorphism invariance is a property that any generally covariant theory shares, including 
the Lanczos-Lovelock theories of gravity. This has serious implications; the invariance of action 
functional under an infinitesimal coordinate transformation, a:“ —>■ -l-^“(a;) lead to conservation 
of a current, usually called the Noether current. From variation of action functional we can get 
the Noether current having the following expression [3,27]: 

ja ^ -f LC + 5^v‘^) (9) 

(However in a recent work [43] it has been shown that the conservation of Noether current follows 

from identities in differential geometry alone; which has been generalized for Lanczos-Lovelock 
gravity in [44].) In the above expression the last term, 5^0°^ represents the boundary term of 
the Lanczos-Lovelock Lagrangian. From the conservation property of the Noether current i.e., 
Va J“ = 0, we can define an antisymmetric tensor known as Noether Potential as, J“ = 

General expressions for these quantities can be found in [27]. In the context of Lanczos-Lovelock 
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theories, we have = 0, and the Noether current and Noether potential simplifies to (for 

most general case see [45]) 

jah ^ 

ja ^ ^ (10b) 

where is the metric compatible connection. 

A direct thermodynamic interpretation can be presented for the Noether current. For that one 
requires to associate Wald entropy with horizons in all Lanczos-Lovelock models. The correspond¬ 
ing entropy density (which, integrated over the horizon gives the entropy) is given by [6, 46-50] 

S = (11) 

where ^ab is the bi-normal to the {D — 2)-dimensional surface and q is the respective determinant. 
The best way to see that this is indeed the entropy density is to consider the Einstein-Hilbert 
limit. In which case we have = (l/327r)((5“d^ — S^S^) and fiab = (uaf’b — faUb) with v£ = —1 
and = -|-1 leading to s = i/g/4. 


3 Equivalence of Gravitational Field Equation Near an Ar¬ 
bitrary Null Surface to Thermodynamic Identity 

An arbitrary spacetime with a null surface can always be parametrized using Gaussian Null Co¬ 
ordinates (henceforth refereed to as GNC). This coordinate system can be constructed in analogy 
with Gaussian normal coordinates. In the non-null case the construction proceeds by invoking 
geodesics normal to the desired surface. While for a null surface characterized by null normal 
the normal geodesics are on the surface. Then construction of coordinates off the surface can be 
achieved by introducing an auxiliary null vector satisfying and moving away from 

the null surface along the null geodesics of /c“. The construction of such a coordinate system for 
an arbitrary spacetime with a null surface has been detailed in [51-53] and the line element in this 
H-dimensional spacetime turns out to have the following form: 

ds^ = —2radu^ + 2dudr — 2rj3Adudx^ + qAsdx^dx^ (12) 

where a:"^’s are the [D — 2) transverse coordinates. Note that the above line element contains 
{D — 2){D — l)/2 independent parameters in qAB, [D — 2) independent parameters in (^a and 
finally one independent parameter a. All of them are dependent on the coordinates (u,r,x^). 
The surface r = 0 is the null surface under our consideration. The null normal ia and the auxiliary 
vector ka has the following expressions [53]: 

4 = (0,1,0,0), r = (1,2m+ 4^2^ r/3^) (13a) 

4 = (-1,0,0,0), = (0,-1,0,0) (13b) 

It turns out that, for the r = 0 surface the non-affinity parameter corresponding to the null normal 
is obtained from i^Vbi‘^ = This yields the non-affinity parameter to be: k = a. While the 
vector ka = — VqU, is tangent to the ingoing null geodesic and is affinely parametrized, with affine 
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parameter r. Hence on the null surface we denote Xh to be the value of the affine parameter. Also 
in the remaining discussion we will work with A being identified as: A — Xr = r. 

The mth order Lanczos-Lovelock Lagrangian in D dimension is given by (throughout this paper 
we will follow the notation of [3,15,19]): 


r _ ^ ^ caibi-.-ambr, 

IGtt 2™ 


R 


,Cidi 

aibi 


■i?" 


(14) 


A general Lanczos-Lovelock Lagrangian consists of a linear combination of various m terms with 
different coefficients. However a result if true for a given order to, will hold for the most general 
linear combination, follows immediately. Thus we will restrict ourselves by considering a TOth 
order Lanczos-Lovelock Lagrangian (in the literature it has often been argued that pure Lovelock 
is more fundamental than the total Lanczos-Lovelock action itself, see e.g., [54-56]), from which 
the field equation turns out to be (we will drop the subscript to from now on): 


j^i _ ^ ^ ^ j;iaibi...aTnb„ 

^ ~ “2 1^^ 


ryCidi tdC 

^aibi ’ ■ 


^ ^ saibx...ambr, 

IGtT 2^ ^jdi...Cmdm 


KX---K 


idm 

nbm 

- 


(15) 


The equivalence of the two expressions in the first and second line follows from [3,19]. In GNC 
coordinates we will now consider the near null surface behavior of gravitational field equation in 
the TOth order Lanczos-Lovelock gravity. As in Einstein gravity [57] in this case as well we will 
start with a subclass of the GNC parametrization in order to bring out the physics involved. For 
that as in the case of Einstein-Hilbert action in Lanczos-Lovelock gravity as well we will impose 
two additional requirements, namely j3A\r=o = 0 and hypersurface orthogonality for time-like unit 
vector Ua constructed from ^a- This immediately leads to dAa\r=o = 0 (see Eq. (90a) in Appendix 
A. 2). Hence these two conditions implies that a should be independent of transverse coordinates. 
This can be thought of as an extension of the zeroth law of black hole thermodynamics for an 
arbitrary null surface in Lanczos-Lovelock theories of gravity. On using this condition we arrive 
at the following expression for T°‘^iakb (which equals Tf in the null limit) as (see Eq. (83) in App. 
A.l): 


t: = 2e: = 


1 


-(s)(‘ 




■PAiBi...Ar, 

'QCiDi...Cm-iDm-i^^AiBi 




Cm-lDm- 


{q^^drqpE) 


1 




R 


CiDi 

AiBi 


...R 


Cm Dr, 
AmB„ 


TO 1 r 
Stt 2"* I 


1 Bm — 1 


X R 


CiDi 

AiBi 


QCiDi...Cm-iD, 
Cm-lD. 


- ^q^^dudrqpE + ^ (q^^drqpp) {q^^dugEp) 


...R 


^)°QClDx...Cm-lDm-luP ^AiBi ■ ■ ■ ^Am-lB„ 


^Cm-lDm- 


^QCl mUDl 


:} (16) 


Let US now consider the Einstein-Hilbert limit of the above equation, which can be obtained by 
substituting to = 1 in the above equation. This leads to: 


rji’] 


= -^B 


jduB 


(17) 


which exactly coincides the expression obtained in [57]. Hence our general result reduces to the 
corresponding one in Einstein-Hilbert action under appropriate limit. 





Now let us multiply Eq. (16) with the virtual displacement along which is <5A, and ^yq, 
where q is the determinant of the transverse metric leading to: 


T;dAv^ = 


im—1 


(■ 


■ nCiDi 

'QClDi...Cm-lDm-l^AiBi ■ ■ ■ ^Am-lBm- 


i) {q^^hqpE) 


-6X 




r Bi.. .A^ B„ 


R 


CiDi 

AiBi 


...R 


Cm Dr, 


m 


1 


A\B\ .. .Am —\ Bm — \ 
AmBm ^ ^ ^QCiD^...Cm-lDm-l 


+ 


1 

4 

cPA\B\ .. .An 


- ^q^^dudrqpE + ^ {q^^drqpp) {q^^duqEp) Ra[bI ■ ■ ■ RaZ-ibZ-1 
m{m — 1) 1 


m-l tdQCi tduDi td' 

-l^QC-LDi...Cm-iDm-iuP ^AiBi ■ • '^A 


Stt 


Cm-lDm- 
Bm- 


;} 


(18) 


Now a/2E can be interpreted as the temperature associated with the null surface, and using 6xs 
from Eq. (87) we can integrate the above equation over (D — 2) dimensional null surface yielding 
(the most general expression has been provided in App. A.l): 


dET;(5A = T6x 

{ 


+ 


8tt 2' 


1 

~'^QCl_DT_...Cm-lDm-l 


X s — J dSSX 

PAiBi...Am-lBm-l 


(— — 
Vl67r2' 


■AmBr, 


R 


CiDi 


ClDi...CmDm^'-AiB 

1 


...R 


Cm Dr, 
AmBr, 


- ^q‘^^dudrqPE 


{q^^drqpp) (q^^duqEh) 


rr JjClDl j^Cm-lDm -1 , rn{m-l) 1 ^PA^B^...Am-lBr, 
^ ^AiBi ■ ■ ■ ^Am-iBm-1 + 2™-l QClDi...Cm-lD„ 


-1 TdQCi tduDi r^Cm-l^m- 

. ^uP 4 - R- • • ■ 


MiBi 


Am — lBm — \ 

(19) 


where dE = d^~^Xy/q. To bring out the physics presented in Eq. (19) we introduce the concept 
of transverse metric gZb and a work function [58,59]. Let us start by considering Ua to be a 
normalized timelike vector and another normalized but spacelike vector Tq. They are related to 
the null vectors {ia, ka) by the following relations: Ua = {l/2A)^a + Aka and = {l/2A)^a — Aka, 
where A is an arbitrary function. Given this setup the transverse metric is defined as = 
UaUb — TaTb = iakb + ^bka- Using this transverse metric the work function is defined [58,59] to 
be P = (l/2)Tab5“^ = Tabf-'^k}’- In the adapted coordinate system on the null surface using the 
null vectors from Eqs. (13a) and (13b) we have P = . As an aside we would like to mention 

that in the case of spherically symmetric spacetime, P will be the transverse pressure. However, 
in this work we will not bother to illustrate the physical meaning of P which can be obtained 
from [58,59]. 

Given this physical input we can rewrite Eq. (19) in the following form: 

F6X = T6xS - 6xE (20) 

This exactly coincides with the conventional first law of thermodynamics (not the hrst law for 
black hole mechanics but that in conventional thermodynamics, for some related works in black 
hole thermodynamics see [60-63]), provided: (i) we identify the quantity S to be the entropy of 
the null surface in Lanczos-Lovelock gravity and this exactly matches with existing expression for 
entropy in Lanczos-Lovelock gravity [47,64,65]. (ii) We interpret F to be the average force over 
the null surface which is defined as the integral of the work function over the null surface as 


F = J p-'^Xy/^P 


( 21 ) 
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Finally, (iii) we should identify the second term on the right hand side of the Eq. (20) as variation 
of an energy as the null surface is moved by an affine parameter distance SX. The energy variation 
due to motion of the null surface has the following expression: 


SxE = SX 


+ 


f dS]| — 

J U 6 


IOtt 2- 


R' 


CiDi 

AiBi 


...R 


CmD^ 

'AmB„ 


1 


cPAx B^ _ Am — 1 Bjyi — 1 


Stt 


- ^q^^dudrqpE + ^ {q^^drqpp) {q^^duqEh) 


X R 


CiDi 

AiBi 


...R 


Cm-l-Dm-l 
-lS^-1 


Dm- 

m(rn — 1) 1 


pP A-^Bi.. .Am —iBm — 


Stt 


2m—1 ^QClDl...Cm-lDm-l ^uP 




T^Cm — lBm — 
AlBl ■ • ■ ^Am-lBm- 


:} 

( 22 ) 


In the above expression for energy the A integral must be done after the above integral has been 
performed, which in turn tells us that the detailed form of the expression inside bracket is required 
to get E explicitly. 

The thermodynamic identity obtained in Eq. (20) can be better explained if written in the 
following fashion: 

SxE = TSxS - FSX (23) 


This equation in this context can be interpreted as: Work done due to infinitesimal virtual displace¬ 
ment from r = 0 to r = i5A of the null surface, subtracted from the heat energy, i.e., temperature 
times entropy change, equals to the energy engulfed during this process. It is to be noted that 
in the general relativistic limit the last term in the energy expression would be absent and the 
second term in it leads to time rate of change of transverse area. Hence the energy expression for 
general relativity can be obtained by taking suitable limit of the above energy expression. 


4 Applications 

In the previous section we have derived the equivalence of gravitational field equations in Lanczos- 
Lovelock gravity to the thermodynamic identity PSxV = TSxS — SxE near an arbitrary null 
surface. In this section we will illustrate two applications of our general result: Eirst, the case of 
an arbitrary static spacetime (see [19]). Second, the spherically symmetric spacetime (see [18]). 
The discussion will be brief since the details are sketched in the references cited above. 


4.1 Stationary spacetime 

A spacetime will be called stationary, when we impose Killing conditions on the time evolution 
vector field. In GNC the most natural time evolution vector field corresponds to: ^ = d/du. 
Imposing Killing condition on this vector demands all the metric components, namely a, Pa and 
qAB to be independent of the u coordinate (see A. 2). Thus imposing this condition the energy 
expression as given in Eq. (22) reduces to the following form: 


SxE = SX 



1 1 pCiDi 

IGtT 2^ AiBi 




n-Dr. 

nBrr 


= Sr J dx: £(^-2) 


(24) 
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which immediately leads to the following differential equation for energy: 

§= I (25) 

This exactly matches with the expression given in [19]. For m = 1 and D = A this reduces to the 
expression obtained for Einstein’s gravity. 

In order to achieve staticity we must impose hypersurface orthogonality on the time evolution 
vector (or, equivalently on the four velocity constructed out of it). As mentioned in A.2 this 
requires dAOi\r=o to vanish. However from Eq. (24) it is evident that this leads to no modification 
to our energy expression. 

This is an interesting result. It shows that in arriving at this relation we have used two 
assumptions, viz, (a) /3 a = 0 on the null surface and (b) the spacetime is stationary. Hence 
the above result does not require spacetime to be static. Thus starting from the thermodynamic 
identity T5\S = 5\E -\- PS\V for arbitrary null surface we have shown that it holds for arbitrary 
static and stationary spacetimes as well. We will now take up the case for spherically symmetric 
but time dependent spacetime. 


4.2 Spherically symmetric Spacetime 

We will finish by considering another application of our result: a spherically symmetric but not 
necessarily static spacetime. GNC metric can be expressed in a spherically symmetric form by 
choosing the transverse coordinates to be the angular coordinates and enforcing (H — 2)-sphere 
geometry on the (it, r) = constant surface. Then we have the following restrictions on the GNC 
parameters, namely, Oaci = 0, /3a = 0 and qAB = fi'u,r)dn^jj_ 2 y When these conditions are 
imposed the line element takes the following form: 

= —2ra{r, u)du^ + 2dudr + f{u, r)dH(p_ 2 ) (26) 


We will define the radial coordinate [57] as: i?(r, it) = f{r, it). Then making a Taylor series 
expansion about r = 0, we get R(r,u) = Rh{u) + rg[r,u). Hence the null surface has a radius 
Rh{u), which can change with it. This clearly shows that we have spherical symmetry but have 
retained time dependence. Hence by imposing spherical symmetry the energy satisfies a partial 
differential equation with the following form: 
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A much simpler form can be derived in which the 2-sphere line element is just (r + RH)^dri^jj_ 2 y 
where the radial coordinate at the null surface Rh is a constant. Then trading off r in favor of R 
the line element becomes 


ds^ = —2{R — Rh) a{R, u)du'^ + 2dudR -f 


(28) 


II 







Then using the result that duRn = 0, the differential equation for energy can be integrated leading 
to, 


E{R,u) = j dxj dE C‘'^-^^+X{u) 

. 2m 

= n(^ - j) + (29) 

^ i=2 

where X(u) is an arbitrary function appearing as a “constant” of integration and Ajj -2 originates 
from the differential volume element. Having introduced the radial coordinate i?, we can replace 
A by i?, since R — Rh = r, which coincides with the defining equation for A. As we move along 
ingoing radial lines, which are also ingoing radial null geodesic —djdr, we will gradually hit the 
center of the {D — 2)-spheres (assuming that it exists). The affine parameter at the center would 
be i? = 0. Then Eq. (29) at the center turns out to be: 

E{R = 0,u) = X{u) (30) 

Since the center is a single point it is natural to associate zero energy with it, which determines 
the arbitrary function to be X{u) = 0. Thus substituting this result in Eq. (29) and evaluating on 
the null surface, we obtain the energy associated with the null surface in a spherically symmetric 
spacetime to be given by 


-l 2m 

E = t[iD-j) (31) 

i=2 

This again matches exactly with the result obtained in [18]. Another important thing to note is the 
following: the expression for energy, first obtained for static spherically symmetric configuration 
also holds for time dependent situation with only spherical symmetry assumed. 


5 Various Geometrical Quantities in Lanczos-Lovelock Grav¬ 
ity and Their Thermodynamic Interpretation 

As we have mentioned earlier, in this work we will be dealing exclusively with Lanczos-Lovelock 
gravity. For that purpose we have provided in Sec. 2 a short and brief introduction to the main 
aspects of the Lanczos-Lovelock gravity. As prescribed in the beginning we will generalize all 
the results presented in [43] to Lanczos-Lovelock gravity. Even though the concepts like Noether 
charge, Noether current for Lanczos-Lovelock gravity are well known in the literature and have 
been discussed at some length in [44] and [40] in the connection with thermodynamic perspectives. 
Nevertheless we will first present an alternative derivation of the results related to Noether current. 
Then we will provide a generalization of a four vector from Einstein gravity to Lanczos-Lovelock 
gravity, which will carry the notion of gravitational momentum. Then we will concentrate on 
variation of this momentum and its meaning in thermodynamic language. The same steps will 
be followed for another momentum defined using only the quadratic part of the Lanczos-Lovelock 
action. Finally we discuss the null surfaces in the context of Lanczos-Lovelock gravity. 
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5.1 The Spacetime Foliation 

We will work in a spacetime which is being foliated by a series of spacelike hypersurfaces. These 
hypersurfaces are determined by the constant value of a scalar field t{x). The unit normal to the 
t(x) = constant hypersurface is given by Ua = —NVat- If we consider t as another coordinate then 
the above four-vector reduces to —TV (5°. For this spacetime foliation (which is known as slicing) 
we have = — 1/iV^, and the timelike normal being unit normalized i.e. u°'Ua = — 1- Given this 
foliation, it is possible to introduce a time evolution vector field C“ by the condition at = 1- 
In this coordinate system with t as a coordinate it reduces to = ^o- This suggests the following 
decomposition: (^“ = — u°‘ -I- N°‘, where we have N°-Ua = 0 and N°' = h^C,^. In the above 

discussion the object + u‘^ui, represents the induced metric on the t = constant surface. 

The above decomposition also introduces another vector 

Ca = Nua ^ -N^S° (32) 

where the last result holds in the preferred foliation with t as a coordinate. If we further impose 
the condition that goa = 0 this vector reduces to C“- Also, in static spacetimes turns out to 
be the time-like Killing vector field. was shown to play a key role in ref. [43] to arrive at the 
thermodynamic interpretation. This vector also provides a rich structure as far as the Noether 
current and spacetime dynamics is concerned. 

5.2 Noether Current and Related Aspects 

Gravitational dynamics can be very efficiently described by using conserved current, known as 
Noether current. In literature this conserved current is shown to originate from the diffeomorphism 
invariance of the action. However this pose an immediate conceptual difficulty. In Electrodynam¬ 
ics for example, the gauge transformation is a symmetry of the system and thus is connected to 
a conserved current, which is trivial. Along identical lines the diffeomorphism invariance of grav¬ 
itational action is also a gauge symmetry. Thus motivated by the example of electrodynamics it 
seems natural to expect the Noether current to originate from some differential geometry identity. 
This has been achieved recently in [43] in the context of general relativity and subsequently was 
shown to hold in Lanczos-Lovelock gravity as well in [44]. Both these approaches show that the 
Noether current associated with a vector field can be obtained without any use of diffeomor¬ 
phism invariance of gravitational action. The proof involves connecting antisymmetric part of 
ViVj with TljV^■ From which the relation VaJ°^{v) = 0 follows just as an identity in differential 
geometry. 

The striking feature of the above result is that a conserved current obtained from differential 
geometry turns out to be the one originating from diffeomorphism invariance of the action. In this 
work we will try to show the important role played by Noether current from a thermodynamic 
perspective, which can possibly shed light on this remarkable feature. 

Noether Charge and Surface Heat Content As emphasized earlier the vector 
plays a central role in this work. Thus we start by computing Noether charge for the vector 
Since this has been discussed extensively in [43, 44] we will be brief in this discussion. However 
we will point out some peculiarities which have not been noticed in earlier works. Firstly in all 
the previous works it has been assumed that the tensor (see Eq. (2)) has all the symmetry 

properties of the curvature tensor. However as we have shown explicitly in App. A.3.1 the 
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derivation of the Noether current itself does not require all the symmetry properties. We only 
need antisymmetry of in the pairs (a, b) and (c, d) along with pair exchange symmetry 

between them and vanishing divergence in the first two indices. Hence the same form of Noether 
current continues to hold for even general class of Lagrangians for which does not follow 

cyclic identity and is not divergence free in the last two indices. Secondly, in both the previous 
derivations the Noether current for has been derived using the property that J“(u) = 0 where 
Va = yafp- However in this work we have provided an altogether different derivation of the Noether 
current for In the derivation we have used the bi-normals to N = constant surface within the 
t = constant surface. This leads to: 

= -2NaP‘^^‘^‘^€cd] J‘"\u) = (33) 

where a is the magnitude of the acceleration four vector obtained as: a® = jU^. Also in the 
above expressions we have: tab = (uadb — Ubda) to be the bi-normal constructed out of Ua and unit 
vector along acceleration, i.e., di. The above two results suggest the following relation between 
Noether potential for the vector field Ua and 

= 2NJ‘^\u) (34) 

Then the Noether current for and hence the Noether charge can be obtained in a straightforward 
manner by differentiating the above equation, which leads to (see App. A.3.1): 

uar{0 = Nuar{u) + Vb {Nx'^) 

= Vh {Nx^) + NDo^x’^ = 2Da, (lVx“) (35) 

In arriving at the last line we have used the following results: NViX^ = Da{Nx°^) and DaX°‘ = 

ViX® — OiX®. The vector x* is analogue of the acceleration four-vector in general relativity and has 
the following expression: 

x'' = 2P’><^^^UaUead (36) 

which the properties: UqX“ = 0 and in the general relativity limit x'^ a“. The next natural 

object to consider is the total Noether charge, which can be obtained by integrating Eq. (35) with 
integration measure Vhd^~^x. This leads to: 

[ Vhd^~^x = f d^-'^x y/q{2NraX°‘) (37) 

Jn Jdn 

where represents the unit normal to the N = constant surface within the t = constant surface. 
This normal is equal to eaaja, where e = ±1 when the normal is directed towards the acceleration 
or vice versa. Then the above relation using Eq. (36) can be written as: 

[ Vhd^~^x UaJ^'iO = [ d^~‘^x {iTTP‘^''‘"^raUbUcrd) = e / TlocS (38) 

Jn Jdn J Jqti 

where s is the entropy density obtained from Eq. (11) and Tjoc corresponds to Tolman red-shifted 
local Unruh-Davies temperature as measured by an observer with four-velocity Ua = —NS^. Hence 
the total Noether charge inside the volume TZ corresponds to the heat density Ts integrated over 
the boundary surface dTZ. 
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Holographic Equipartition The above result showing the connection between Noether charge 
and heat content can be extended and interpreted in a completely different form. Using Eq. (10b) 
the Noether current can be expressed in terms of Lie variation of the connection and Lovelock 
Ricci TZab as: 

2uaP, TcLjfc = (2iVx“) - NfabU^v!^ (39) 

where we have used the relation: TZab = (l/2)TQh = (1/2) \Tab — {T/{D — 2m))gabT]. Then using 
the definition of Komar energy density as: pKomar = 2NTabU°‘u^ and integrating over [D — 1) 
dimensional space TZ we arrive at [44]: 

Vhd^-^X AUaP, = e (A^sur " IVbulk) (40) 

where Tavg corresponds to average of Na/27r, the local Unruh-Davies temperature of the observer 
with four-velocity Ua over the boundary surface. Nsm encodes the surface degrees of freedom 
which equals temperature average of dS” and iVbuik determines the bulk degrees of freedom defined 
as Komar energy modulo (l/2)Tavg. Note that the left hand side differs from the result obtained 
in [43,44] by a factor of IGtt. This is due to the fact that the in those references differs from 
our convention by precisely a factor of I/IGtt. 

The above equation is actually equivalent to the field equation for Lanczos-Lovelock gravity 
but provides a ‘holographic’ interpretation The left hand side involving Lie variation of the 
connection T^^ provides time evolution of the spacetime which is solely dependent on the difference 
between suitably defined bulk and surface degrees of freedom. Note that for static spacetime 
= Sq and hence is the Killing vector. Then Lie variation of T^^ along the Killing vector 
vanishes. This immediately leads to: 

A^sur = A^bulk (41) 

Thus for static spacetime surface degrees of freedom coincides with the bulk degrees of freedom. 
This provides the holographic equipartition between surface and bulk degrees of freedom. When 
holographic equipartition does not hold the difference between surface and bulk degrees of freedom 
is responsible for evolution of the spacetime in Lanczos-Lovelock gravity. 

5.3 Bulk Gravitational Dynamics And Its Relation to Surface Thermo¬ 
dynamics in Lanczos-Lovelock Gravity 

In [43] it has been illustrated that, total energy of matter and gravity equals the surface heat 
content in the context of general relativity. To prove this a suitably defined gravitational four- 
momentum has been used such that when integrated over a t = constant surface with proper 
integration measure it leads to a notion of gravitational energy. The notion of energy is quiet 
ambiguous in the sense of observer dependence. For example, even in special relativity the energy 
of a particle with four momentum p as measured by an observer with four velocity u is: P = —u.p. 
This immediately suggests that we should use identical trick to identify the energy by contracting 
a suitably defined four momentum with the four velocity Ua introduced in Sec. 5.1. We 
will first briefly describe the situation for general relativity and shall generalize subsequently to 
Lanczos-Lovelock gravity. 

^In this work the word “holography” has been used in a primitive sense i.e. implying a relation between surface 
and bulk properties. This should not be confused with frequent use of this word in the context of string theory. 


15 



Bulk Energy Versus Surface Heat Energy The Einstein-Hilbert action can be written 
explicitly in terms of two canonically conjugate variables, namely, = \/—gg°‘^ and = 
QTq^bp + QTq^ap [39]' ^ tums out that the Einstein-Hilbert action can be interpreted as a 
momentum space action with as the coordinate and as its conjugate momentum [39]. 
Using these two variables a natural definition of gravitational momentum can be provided as ^ : 

-P<^{q) = g^^£,N-+q<^L (42) 

where is an arbitrary vector field. This follows from the result that Hamiltonian can be written 
as H = qp + L with the identification of p as and q as (or if we consider —y/^P°‘). 
However in order to generalize the above result to Lanczos-Lovelock gravity, we should rewrite 
the above expression in a slightly modified form, such that: g’’^£qN^j = £g((5“^r™) = 

2Qj/’°‘£qT^. Thus the above action can also be interpreted with T™ and <5^^“ as conjugate 
variables. Surprisingly, this is also a valid pair of conjugate variables as illustrated in [40] and can 
be generalized readily to Lanczos-Lovelock gravity. However in this case we need to interpret T™ 
as the momenta and <3^^“ as the coordinate, which is true since has 40 independent degrees of 
freedom while as constructed out of the metric only has 10 independent degrees of freedom 

(a detailed discussion has been presented in [40]). The above setup can be generalized in a natural 
fashion to Lanczos-Lovelock gravity following [40] and leads to: 

(43) 

The physical structure of this momentum can be understood in greater detail by using the Noether 
current. Writing the corresponding expression for Noether current explicitly in the case of Lanczos- 
Lovelock gravity and then simplifying we obtain (see App. A.3.2): 

r{q) = Vbr\q) = 2ESq^-P-{q) (44) 

This leads to another definition for the momentum which will turn out to be quiet useful and can 
be given as, 

-P“(g) = Vf,J“''(g) - 2E^q^ (45) 

Then divergence of the momentum has the following expression: 

V,P“(g) = 2E-Vaq^ (46) 

in arriving at the above expression we have used two results, Noether potential being an¬ 
tisymmetric and Eab satisfying Bianchi identity. From the expression it is evident that if we 
enforce equation of motion for pure gravity, which amounts to: Eab = Oj the momentum becomes 
divergence free. Also appearance of Noether current explicitly in this expression shows intimate 
connection of Noether current with energy in all Lanczos-Lovelock models of gravity. 

So far the results are completely general, holding for any vector field g“. Now we will specialize 
to the vector field and will show that it leads to several remarkable results. First we start with 
momentum for and its contraction with Ua leading to (see App. A.3. 2): 

-UaP^iO = Do, (2iVx“) - 2NE<^\aUb (47) 

^Note that the negative sign in front of is just a convention, such that —UaP°‘ relates to the energy. 
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where the vector is defined in Eq. (36). Now using the equation of motion i.e. 2Eab = Tab and 
integrating the above expression on a t = constant surface bounded by iV = constant surface we 
get the following expression: 

[ d^-^xVhua{-P‘^{0 + NTl^u^} = [ d^-^xTiocS (48) 

Jtz Jan 

The expression on the left hand side represents total i.e. matter energy plus gravitational energy 
in a bulk region and the right hand side represents the heat content of the boundary surface. The 
temperature as usual is given by: Na/2TT, i.e. the red-shifted Unruh-Davies temperature and s is 
the Wald entropy density associated with the boundary surface (Eq. (11) provides the expression). 
The right hand side of the above expression can also be identified as half of the equipartition energy 
of the boundary surface. Hence the bulk energy originating from both gravity and matter is egual 
to the surface heat content. 


Variation of Gravitational Energy Erom the above paragraph it is clear that the momentum 
and the corresponding gravitational energy —UaP°‘{C) have very interesting thermodynamic 
properties. In this light, it seems natural to consider variation of the above momentum under 
various physical processes, e.g., how it changes due to processes acting on the boundary. We will 
first work with the arbitrary vector field q°‘ and then we will specialize to the choice: < 7 “ = 

To our surprise just as in general relativity even in Lanczos-Lovelock gravity variation of the 
gravitational momentum is connected to symplectic structures [66,67]. 

Thus by variation of —\/—gP°‘{q) and manipulating the terms carefully we obtain the sym¬ 
plectic structure as (see App. A.3. 2) 

-5 (y^P“) = + da (49) 

where the symplectic form has the following expression: 

{S, £,) = 5 ( 2 v^P/™) - £, ( 2 y=^P/™) JT^, (50) 

This expression is true for any arbitrary vector field and involves one arbitrary variation and 
another Lie variation along ( 7 “. 

Having obtained the general result we will now specialize to the vector field Then we can 
use the above formalism in order to obtain the change in gravitational energy of the system due 
to its evolution, which is related to Lie derivative along ff". This can be achieved using a simple 
trick. First with the help of Eq. (50) we can compute the object 6[—\fhuaP°'{£,)]■ The variation 
has the following expression (see App. A.3. 2): 


-5 


VhuaP‘^{0 


+ = Vhuauj'^ + da [ 2 ^/r^P/™ 5 rP,] 


(51) 


This holds for an arbitrary variation, however what we are interested in is when the above variation 
is due to a diffeomorphism along Again from App. A.3.2 using the field equation 2Eab = Tab 
we arrive at: 


T^Pgrav = £j- [ d^-^X^/hUaP‘^{0) = [ d^-^X^Nra {T‘^% + 2P/-'^£^rP^) 
\ JTZ ) Jan 


(52) 


17 




where is the unit normal to N = constant surface within the t = constant surface. Hence 
change of energy in the bulk is directly related to boundary effects (with the assumption that 
= 0). Among the two terms present on the right hand side, the first term is due to flow of 
matter energy across the boundary and the second term is related to our old friend £^TPj,. 
For pure gravity, i.e., Tab = 0, the above result takes a much simpler form as: 


£^'Hgrav= f d^-^x^Nra2Pp‘>-<^£^rP^ (53) 

Jan 

This can have direct influence on gravity wave propagation, i.e., the energy change in a bulk region 
due to gravity waves is related to surface processes and hence to Pp'^^°'£^TPj.. 

Since the gravitational momentum is intimately connected to Noether current, we can use the 
above results for variation of gravitational momentum in order to obtain a variation of Noether 
current as well. From App. A.3.2 on imposing on-shell condition i.e. Eab = 0, we get: 


'/huaOJ°^ (<5, £q) + 26 ^VhUaE‘^’’qb'j = db '/hUaJ°'^iq) 


— 2'/hi 




(54) 


This expression can be related to the usual Hamiltonian formulation where one relates bulk integral 
of 6{PIN + HaN°‘) (with H and correspond to constraints in the gravity theory) to a bulk 
and a surface contribution as: 


(5 [ d^-^xVh{HN + Ha,N°‘) = [ d°-^x5B + f d^-^xSS (55) 

Jn Jn Jan 

The variation present on the left hand side is equivalent to 5{2^fhuaE°‘^C,b)^ where C,°‘ = Nu°' + N°'. 
Then we can identify the bulk term on the right hand side with the symplectic current Thus 
finally the remaining surface contribution turns out to be: 


jD-2 


x6S = 


^D-2„ 


XTb 


Ian 


Ian 


I (5 '/hv 


r \0 


- 2Vh (NPJ^^ + 




(56) 


This provides an elegant and simple interpretation of the surface term appearing in the variation 
of the gravitational action. Thus for Lanczos-Lovelock gravity the Hamiltonian formulation as 
well can have thermodynamic counterpart. 

The above approach of relating surface quantities with bulk energy has also been studied 
earlier, notably in the context of Virasoro algebra and its associated central charge [68]. In [46] 
the above approach has been used to derive Wald entropy in Lanczos-Lovelock theories of gravity, 
which subsequently has been generalized in [45] in order to calculate correction to horizon entropy 
in higher derivative gravity theories. It has been shown in this context that surface contribution 
alone is what will lead to the central charge and hence to horizon entropy. Our result strengthens 
the above feature by showing a connection between total energy and boundary heat energy in all 
Lanczos-Lovelock theories of gravity. 


5.4 Noether Current and Gravitational Dynamics from Related La- 
grangians in Lanczos-Lovelock Gravity 

So far we have been working extensively with the Lanczos-Lovelock Lagrangian and the vector 
field C- In this section we will generalize the idea for a different class of Lagrangians, namely. 
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the quadratic Lagrangian and the Surface Lagrangian. We will first demonstrate the Noether 
currents associated with these Lagrangians and then consider the gravitational momentum and 
its variation connected to the quadratic Lagrangian. 


Noether Current We start our discussion by considering the Noether current associated with 
.^quad, which is quadratic in and hence is not a tensor density. However even if it is not a 
tensor density the variation will turn out to be a tensor density and there will be a conserved 
current associated with Lquad- The above calculation can be simplified significantly by writing 
i/—gLquad = ^—gL — L&uv The variation can be evaluated by carefully defining the Lie derivative 
of non-tensorial objects, which is discussed in detail in App. A.3.3. From which we obtain the 
following result: 

£q (y^ffTquad) = da (v/^Lquadg“) ” 9, (57) 

where K°^ is a non-tensorial object with the following expression 


(58) 

which in the general relativity limit coincides with the expression provided in [43] . Then calculating 
the Lie derivative by treating giLquad as a functional of the metric we arrive at a conservation 
law of the form: = 0- From App. A.3.3 the Noether current corresponding to 

gLquad turns out to be: 

V^J^uad = + y=^Lquadg“ - 

- £, (2v^Q/™) TP, + 2(m - l)v^Q/™T,rP, (59) 

which for m = 1, i.e., for general relativity takes the following form: 

y^^quad = + y^Tqaad<7“ - - £, (2v/=^Qp‘^™) F^, 

= 2^E^q’> + y^Lqaad< 7 “ - (60) 


This exactly matches with the corresponding expression for general relativity derived in [43]. 
Having obtained the Noether current for quadratic Lagrangian, we can use the expression of 
Noether current for Lanczos-Lovelock in order to obtain a relation between them. As shown in 
App. A.3.3 this relation exactly mimics the corresponding one for general relativity and leads to: 

■/quad = ■/“ + V, ((7^H“ - 9“W) = + V, (2rP,Qp‘>dcqa]^j 

where in arriving at the second line we have used the relation: = —2TP,Qp‘‘^°‘. Then we 

can introduce a Noether current associated with the surface term as well through the relation: 
J“ = Then the Noether current associated with Lgui- has the following expression: 

j:ur = -Vc (g"^“ - g“^=) = Vfe = Vfc J,t; Jst = 9 “^' - 9 '^“ ( 62 ) 

Finally, variation of the Noether current corresponding to quadratic Lagrangian leads to (see App. 
A.3.3) 


iV^J^uad) = - db [tp,6 (2y^Q/'-[“) q'l] + ( 


l)db [( 2 v^Q/'-[“) q^^ST': 


-f 

(63) 
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where the equation of motion terms E°‘ can be given by 

+ 2q^S iV^E^) (64) 

Thus we have derived the Noether current associated with the surface term in the Lanczos-Lovelock 
Lagrangian. Now if we use techniques of near horizon symmetry and hence Virasoro algebra to 
obtain the central charge it will lead to the correct Wald entropy. Hence, as we have emphasized 
earlier, the surface term alone is capable to produce the Wald entropy following Virasoro algebra 
and related central charge technique. 


Quadratic Hamiltonian and its Variation Just as we have derived the gravitational mo¬ 
mentum corresponding to the Lanczos-Lovelock Lagrangian we can use the quadratic Lagrangian 
.bquad to define another momentum as well. This momentum defined using quadratic Lagrangian 
has the following expression in general relativity: 

Cad = Crn v/=5^quad<7“ (65) 

Just as we have done in the context of Einstein-Hilbert action in this case as well we will write 
Nim£qf^'^ = 2TP^£q . Since T^^ involves 40 independent components while Q^^°‘ has 

only metric degrees of freedom it is natural to set T^^ as momenta and as coordinate. Then 

on being generalized to Lanczos-Lovelock gravity we obtain 


Cad = C-^9 - 9“C5^quad 


( 66 ) 


This object is less important than which we have discussed earlier, since this is a non-covariant 
object. This non-covariance is due to presence of T^^ and Lquad in its expression. In spite of these 
non-attractive features we will discuss properties of this momentum as well for completeness. 
Following App. A.3.3 we can write Hqu^d explicitly in terms of P“ leading to 


pa 

■^quad 


= -^P‘^ -m 5c -b -{m-l)q‘^dcV 


(67) 


where K°‘ is defined through Eq. (58). Then variation leads to the following on-shell result (see 
App. A.3. 3) 


<5Cad = + m5c [j (2C5Qp’'’‘“) 9^’ri 

+ (m - l)g“5c [J {2V^Qp‘>^^) T^, + (2^5^/-) JE^,] 


( 68 ) 


In this case as well for m = I we obtain the result derived for general relativity and matches 
exactly with the one obtained in [43]. The term S{^/—gK°‘) shows explicitly the non-tensorial 
character of (^Pquad- This term can be eliminated by requiring a background subtraction. We have 
illustrated all these results for the sake of completeness. We will not pursue this further due to 
non-covariance nature of the results which leads to additional complications. 


5.5 Heat Density of the Null Surfaces 

In this final section we will discuss heat density associated with a null surface in Lanczos-Lovelock 
gravity. Any null surface will be defined using a congruence of null vector i °', which are tangent as 
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well as normal to the null surface. We will also assume that the null vector satisfies the relation 
= 0, everywhere. The null congruence will be taken to be non-affinely parametrized, such that, 
ia = A(x)'S/aB{x). Then the non-affinity parameter k can be obtained from the relation: 

= Kt] K = td. In A (69) 

Since the null vector is both tangent and orthogonal in order to define a projection we need an 
auxiliary null vector [53] with the following properties = 0 and ka^'^ = — 1. Then we can 
introduce a projection tensor = 5^ + (°'kb + ibk°' and define an associated covariant derivative 
Da- 

In the previous sections we have calculated Noether current for and its contraction with Ua 
yielding Noether charge. In the context of null surfaces we will discuss Noether current for and 
its contraction with ^a itself. This leads to (see App. A.3. 4) 


4J“(^) = Va (/cr)-K/c 


(70) 


where we have introduced the object K, = —In A. This in the general relativity 
limit coincides with n. Note the formal similarity of the expression on the right hand side, i.e., 
Va (/C£“) —k/C for null surface to the expression DaX°‘ = — obtained for spacelike surface. 

Also the expression for is quiet similar to the expression for /C with ia and ka identified with 
Ua and To respectively. Then introducing the covariant derivative Da on the surface the above 
expression can be written as (see App. A.3. 4) 

iaJ^ie) = 2nabtt + = Da (/cr) + ^ (7i) 

Integrating the above expression over the null surface with integration measure d\dP~^Xy/q and 
ignoring the boundary contribution we arrive at: 

J dXd^-‘^Xy/^ear{i) = J dXd^-^x^^ (72) 


This result at the face value shows that for the null surface contraction of the Noether current 
along £a is related to heating of the boundary surface, with K, being taken as temperature in the 
Lanczos-Lovelock gravity. 

This result is also important from the point of view of variational principle for null surfaces. 
Such a variational principle based on null surfaces has been carefully investigated in [38]. There 
it was shown that given a null surface with null congruence ia we can construct the functional 

Q = / ' dXd^-^x^ (-27^a^, + Tab) ti^ (73) 

JAi 


Then varying the above action functional with respect to all ia with the constraint i'^ = 0, we 
will arrive at: TZ^ — (l/2)r^“ = f{x)S^. This on using Bianchi identity, X/aE°'^ = 0 = SIaT°‘^ leads 
to Einstein’s equation with an undetermined cosmological constant originating from integration 
constant. 

Then from Eq. (71) we can write TZabi°‘i^ in terms of Lie derivative of the connection and 
change of K. along the null geodesics such that 


-TRabtl^ = 2iaP^^-^^£lYl, 


Da {icn + ^ 


(74) 
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Then substitution of —2TZab^°‘^^ on the right hand side of Eq. (73) leads to the following modified 
variational principle for Lanczos-Lovelock gravity when boundary terms are neglected as 


Q 



dXd°-^x^ 





+ Tatn^ 


(75) 


Hence varying this Lagrangian with respect to £“ with = 0, we can obtain the field equation 
for gravity with an arbitrary cosmological constant. In the above expression can be taken 

as matter heat density Ts, while the rest of the terms represent heat density of the null surface 
itself. 

We can always choose the parameter A such that the null vector ia is affinely parametrized. 
In which case /C = 0 and the variational principle can be based on the following integral; 

Q = / ' dXd^-^x^ (76) 

Jxi 

Again showing explicitly the importance of the Lie derivative term in the derivation of the field 
equation from an alternative action principle. When there is no matter present the variational 
principle simplifies considerably leading to 

Q= dXd^-^x^[2LP/''^£irPr] (77) 

J\i 

This leads to vacuum field equation when varied over all null surfaces simultaneously. Also integral 
of this object has an interpretation of heat content over the boundary surface. Thus we observe 
that at least for affinely parametrized null congruences the variational principle over the null 
surface acquire a thermodynamic interpretation. 


6 Discussion 

In this work our aim was to generalize various results derived in the context of general relativity 
to all Lanczos-Lovelock theories of gravity. This is a non-trivial task since the Lanczos-Lovelock 
Lagrangian contains higher order terms constructed out of the curvature tensor. Also validity of 
some result in general relativity does not guarantee its validity in these higher order theories, e.g., 
the expression for entropy in general relativity does not hold in Lanczos-Lovelock gravity. Thus 
this exercise is extremely important since the Lanczos-Lovelock Lagrangian encompasses a great 
variety of Lagrangians all of them yielding second order equation of motion. 

Let us now summarize the key results obtained through this exercise: 

• In Sec. 3 we have shown that the field equation for Lanczos-Lovelock gravity near an ar¬ 
bitrary null surface is equivalent to a thermodynamic identity. Using a parametrization 
(known as GNC) for the arbitrary null surface we have shown that the field equation for 
Lanczos-Lovelock gravity can be used to relate energy momentum tensor with thermody¬ 
namic features. The energy-momentum tensor appears in a particular combination and can 
be related to the work function. Temperature related to the null surface can be obtained 
by invoking null geodesics and entropy can be given by the Wald entropy. This exercise 
also provides us a definition of energy in an arbitrary spacetime in Lanczos-Lovelock gravity, 
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which in the static case and sphericaiiy symmetric case reduces to standard energy defi¬ 
nitions. This energy expression in generai invoives {D — 2) dimensionai Lanczos-Loveiock 
Lagrangian, time derivatives of the {D — 2)-metric on the nuii surface. This generaiizes aii 
the previous works and demonstrates that the heid equation in aii Lanczos-Loveiock theories 
of gravity can be interpreted as a thermodynamic identity. 

• In Sec. 5.2 we have shown that the evoiution of the spacetime in Lanczos-Loveiock gravity 
can be described niceiy in terms of the difference TVgur — .^buik- Here A^sur represents suitabiy 
defined surface degrees of freedom and fVbuik represents the buik degrees of freedom. For 
static spacetimes, which can be thought of as equiiibrium configurations we have A^sur = 
.^buik, i-e., hoiographic equipartition hoids. Thus for static spacetime degrees of freedom in 
the surface and in the buik are identicai. Whiie departure from this equaiity is what drives 
the spacetime evoiution in Lanczos-Loveiock gravity. 

• Next, in Sec. 5.3 we have introduced a gravitationai momentum starting from its expression 

in generai reiativity. We have shown that it is intimateiy connected to Noether current and 
totai gravitationai pius matter energy in a buik voiume equais the heat density associated 
with the boundary surface. Aiso variation of the gravitationai Hamiitonian is directiy reiated 
to a sympiectic structure such that time evoiution of this gravitationai Hamiitonian in a buik 
region can be reiated to surface effects especiaiiy with Aiso using this formaiism 

it is possibie to connect standard Hamiitonian formaiism with the thermodynamic features 
discussed here. 

• In the subsequent section 5.4 we have discussed Lie variation of non-tensoriai objects and 
hence Noether currents associated with the quadratic and surface Lagrangians respectively. 
We have also introduced another momentum connected to the quadratic Lagrangian and 
its variation. However due to non-tensoriai nature of this object, we have not pursued it 
further. 

• Finaiiy, in Sec. 5.5 we have discussed an aiternative variationai principie for the nuii surfaces 

in Lanczos-Loveiock gravity. It turns out that the variational principle has a nice separation 
into matter heat density and gravitational heat density associated with the null surface. In 
this case as well for affine parametrization of nuii vectors and in vacuum spacetime, i.e., 
with no matter, the action functionai is simpiy £^T'p^. This provides yet again 

thermodynamic interpretation for this Lie variation term. 

Aii these resuits suggest the importance of Noether current in any Lanczos-Loveiock theories 
of gravity and its reiation to the thermodynamic features. 
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A Appendix: Detailed Derivations 


A.l Detailed Expressions Regarding First Law 

Let us start with evaluating the following expression in GNC coordinates introduced in the main 
text, which leads to 


i (K + El) = El = El 

_ 1 11 craibi...ambm jpcidi nCmdm 

2 IGtT 2™ ^rcidi...Cmdm ^aibi ' ' ' m 

_ 771 1 ^ruP t:,uQ jjClDx uCm-lDm-l 

~ 167^2™-! 

m{m-l) 1 ^ruPAiBi...A^_iBm-i r>QCi r>uDi 

167r ^AiBi ■ ■ ■ ^A^^iBm-i 

_ 1 1 s:rAiBi...AmB„ ryCiDi 

IGtt 2™+1 rCiDi...CmDm^AiBi ■ ' • ^A^B^ 

Then we obtain: 


t; = 2El = 

m{m — 

Stt 
1 1 

IGtt 2 ™ 


^ t S;PAiBi...Am-lBm-l O^CoCl-Dl n^'m-1 1 

Stt 2™-i 

t ^PA\B\...Am^lBrn-\ j:,QC\ j^uD\ jjCrn-lDm-1 

2 m-l°QCiDi...C,n-iD,r,-i^uP ■ ■ ■ BLA„^iBm~i 

^A\B\...Ajri.Bjn tjC\D\ TjCmBm 


Now we have the following expression for components of Riemann tensor as: 


(78) 


(79) 


E^p = -^q^^dudrqpE - -^q^^dplSE - -^aq^^drqpE - -^P^Pp 
+ i (q^^drqpp) {q^^duqEL) + ]^q^^P a^EP 
'cD = Ecd - ^q"^^q^^ [duqcpdrqBD + drqcEduqBD - (C PA D)'^ 

E'en = drdcqMD - ^Peq^^drqmo - ^ {q^^drqcp) “ (C 

- ^q^^dcduqoE - ]^dcq^^duqDE + ^P^duqcD 
]^q^^duqEF^^CD - ^/Soq^^duqEC - ^q^^duqFDf''cE 


r? 

it, 


P/AB _ BD 

Euc - q 


(80a) 

(80b) 

(80c) 


(80d) 
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where A denotes an object A constructed solely from the transverse metric qAB- Note that for 
dugAB = 0 , we have: 


Kp = -^g^^dp/3E - ^aq^^drqpE - \p^Pp + 

tdA.M _ f)AM 

^CD — ^CD 

= -^g^^drdcqMD - j/Scq^^drqMD “ ^ (q^^drqCE) t'^MD - {C D) 


Thus we finally arrive at the following expression: 


rjAr _ _ 


m 


1 


cP A\ Bi .. .-At, 






rqPE 


^AlBl ■ ■ ■ ^Am-lBm-l 


m 1 ^PAlBl...Am-lBm-l 
Stt 2"*“^ QCiDi...Cm-iDm-i 

i {q^^drqpp) [q^^duqEh) + ]^q^^P a^e 
m(m-l) 1 


— -^q^^ dudrqpE — \q^^dpPE - \p^Pp 


EP 




Cm-lDm-1 
-lBm-1 


Stt 

1 1 
167r - 


2m —1 ^QClDi.-.C-rn-lEm-l^ ''uP 
3i...AmBm D 

Ai Bi 


1 j^QCi j^uDi 


j^Cm-lDr, 

AiBi ’ ■ • ^Am-lBrr 


cAiBi-.-AmBm JdCiDi TDCmBn 
n n b 


which can be simplified and finally leads to the following expression: 


(81a) 

(81b) 

(81c) 

(81d) 


(82) 


t; = 2e: = {ei+e:) 

m 1 


8 2”^“i 

m 1 


(«“'=3r9pd 


rP- 4 iBi...A„ 


Stt 
1 

4 

m(m-l) 1 PA 1 B 1 ...A 

-0. 


_ LQ^d^drqPE - Iq'^^dpPE - \p^Pp 


+ 7 {q^^drqpp) {q^^duqEL) + ^q^^P aHp R%°e\ ...R 


Cm-lDm-l 

Am-lBm-l 


Stt 


2m —1 ^QCiD\...Cm-iDm~i^^uP ^AiBi 


iB-m — l pQC’l ryuDi jD^m — lBm — 1 


_J__}_!:AiBi...A,nBm oClDi r>CmD„ 
IGtT 2"* ■■■^AmBr, 


This is the expression used in the text. We also have entropy density to be: 


s = AEm^cl^_P 

= ^EUly/q 



(83) 


(84) 
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Then under variation along the radial coordinate i.e. along k°‘ parametrized by A we have: 


5xs = 47rm 5xqAi^ 


— Airmy/q 


m—1 1 

0 . 


IGtt 2™- 




lBm-1 t^C\A ^,D\B X ^ j^Om-lBrn-l\ 

iDm-i^A:_Bi‘l '^^^AB ■ ■ ■ JiA^-iBm-i J 


-47rmx/qSxqAB ( - -<? 
= -4Trmy/qE^^SxqAB 


1 AB AD-2) 

't'. 


^11 ^BPi !;AiBi...Am-iBm-i jjACi n' 

IGtT ^ 


Cm-lDm-1 


(85) 


where we have: 

C-A _ ^xAr(D-2) , TO-1 1 j;AiBi...Am-iBm-n^ACi j^Cm-iDm-i 

^B - 2 S '"-! IGtt 

_ _ ^ ^;AAiBi...Am-iBjn — l tdC\D\ 

2 IGtT ■ * ■ Am.-\Brn-l 


( 86 ) 


Hence we obtain: 


e /I /—r / ^ ^ ^ rAAi i?i ... Am — 1 — 1 

OaS = -4’Km^bxqAB ^ :r—rO C 


IGtT 2'" —! SCl-Dl...Cm-l^m-l 


^ !!'AiBi ■ • ■ SlAm-lSm-] 


jCiD: 

Ali 
m 

82™- 


tv^(C:b:; 


■Am —iBm —1 tjC\D\ 
.Cm-lBm-1 AiSi ■ • ■ !!Am- 


lSm-l\ „-BC c ^ 
iBrn-lJ*? '^A9AC 


(87) 


Finally using Eq. (87) in Eq. (83) we obtain the most general expression for energy as 


SxE = 5X j ds| 


iBm-i 


m 1 ^_Py4iBi...A„ 


— ■zq'^^dudrqpE — Iq^^dp^E - \p^Pp 


+ 7 [q^^drqpp) {q^^duqEL) + 


EP 


R 


CiD 


AiBi 


I...R 


Cm-lBm-l 

Am-lBm-1 


m(TO-l) 1 jPAlBl...Am-lBm-l nQCl olii’l nCm-lBm-l 

2m-l ^QCiDi...Cm-iD^_i^uP StAiBi ■ • ■ -f^Am-iBm^i 


87r 

1 1 rAiBi...AmBm pClBl 

IGtT 2™ ‘SlSl -CmBm-'^AiBi 
jD-2 


...R 


CmD„ 

A^B„ 


( 88 ) 


where dS = is the integration measure on the null surface. 


A.2 GNC metric in static form 

Conversion of GNC metric to static coordinates has been performed explicitly in [57]. In this 
appendix, we will present a short discussion of this transformation from GNC to static coordinates 
(for detailed discussion see [57]). First converting GNC coordinates to Rindler coordinates one 
can identify the timelike Killing vector with the following components: 

r = (1,0,0,0); ^a = {-2ra,l,-TpA) (89) 
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Imposing hypersurface orthogonality on i.e. ^[aVb^c] = 0 leads to two conditions that the 
metric elements need to satisfy everywhere: 

rj3Adra - radr^A + dACt - = 0 (90a) 

r {PAdrPB - hdr/SA) “ {OsPa “ OaPb) = 0 (90b) 

Next we need to impose Killing condition, which amounts to set = 0 everywhere in 

the spacetime region under our consideration. This implies [57]: 

dua = 0; duPA = 0; OuQab = 0; (91) 

If a spacetime satishes the Killing conditions then it is called a stationary spacetime. Like in 
this case if the GNC parameters a, Pa and qab are independent of the u coordinate then the 
GNC parametrization would lead to a stationary spacetime. When a spacetime is stationary if 
we further impose hypersurface orthogonality condition, then the spacetime is called static. In 
this case if we use both the Killing condition and hypersurface orthogonality for then from 
Eq. (90b) we obtain: 

dAa\r=o = 0 (92) 

Thus imposing staticity condition on the GNG metric with the time evolution vector field 
we arrive at zeroth low of black hole thermodynamics generalized to an arbitrary null surface in 
Lanczos-Lovelock gravity. This condition we will use frequently in the main text. 

A.3 Various Identities Used in The Text Regarding Lanczos-Lovelock 
Gravity 

In this subsection we will collect derivation of important identities used in the text while describing 
the generalization to Lanczos-Lovelock gravity. We will order the derivations as in text. 

A.3.1 Alternative derivation of Noether current 

In Einstein-Hilbert action the Noether potential derived from diffeomorphism is: 

167r J“^(u) = 

= 327rg“/V*u^' (93) 

We can use this result to motivate the Noether current for LL gravity as: 

jab ^ = 2P“^^'^VcUd (94) 

where is assumed to be antisymmetric in (a, 6) and (c, d). However to get the standard 

expressions for Noether current we also assume that = 0, which by antisymmetry auto¬ 
matically imply: = 0. Note that we have not assumed anything regarding cyclic identity 

or vanishing of divergence in the last two indices. Then from the relation: 

= + (95) 
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we can write the Noether current in the usual way as: 

= Vb = 2P^^‘^^VbycVd 

= [gpd£vTl - RdcmbV"^] 

= -2P^^^‘‘RdcmbV^ + 2gpdP^’’‘=‘^£vTl 
= 2P-^^^R^bcdV^ + 2gpdP‘^»-‘^£vrl 

= + (96) 

In the last line we have used the fact that is symmetric in the pair exchange (a, b) and (c, d). 

Then the connection between Noether currents of two vectors z;“ = f{x)q°' and q°‘ itself has been 
obtained in an earlier work and can be derived depending on only the above mentioned properties 
of the tensor 

However we will now present an alternative derivation. Let us start with the following identity: 
Va^b = Va {Nub) = NVaUb + UbVaN 
= NS/aUb + Ub {Ntta - UaU'-S/iN) 

= -N {Kab + Uaab) + NuaUb - (u*Vi7V) UaUb (97) 

Then the Noether potential corresponding to the vector field turns out to be: 
r\Cl = 

= 2P<^bcd ^ ^ UaUb] 

= -2IVaP“'"=^ {ucdd - dcUd) 

= -2IVaP“'’'='^eed (98) 

where Ccd is the bi-normal to the N = constant surface within t = constant surface. The same for 
Noether potential of the four velocity vector leads to: 

r\u) = 2P“^"‘'VcUd 

= -2P-^-^ [K,d + u,ad) 

= -aP’^^^’^ecd (99) 

These are the expressions used in the text. From the above expressions the Noether current for 
turns out to be: 

Uar{0 = Ua^br\0 = Ua^b [2Nr\u)] 

= 27VUaJ“(u) 2UaVbNJ‘^\u) 

= 27Vua J“(u) -k 2ua {Nab - UbU^ViN) J‘^\u) 

= 27Vu„J“(u) -k 2NuaabJ‘'\u) (100) 

Now we have the following relations: 

Uar\u) = -2P‘^^^^UaUead = x' (101) 

Nuar{u) = NUaVbr\u) 

= Vb {Nuar\u)) - r\u) {UaNbN + iVVbUa) (102) 
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On using these relations we arrive at the following expression for Mq J“(^) as: 


Ua J“(e) = Nuar{u) + 2Nuaabr\u) + Vf, (Nx^) 

- J°-^(u) [ua {Nab - UbU^ViN) - N {Kta + WbOo)] 

= NUaJ°'{u) + 2NUaabJ°^^{u) + Vb {Nx^) - NJ°^^{u) (Uaab - UbGa) 

= Nuar{u) + Vb {Nx^) (103) 

Now we need to evaluate the quantity UaJ°‘{u). This quantity has the following expression: 

Uq J“(u) = UaVbJ‘'''iu) 

= -2P“*'"VVb {u,ad) 

= Vb {-2P‘^^^^UaU,ad) + 2P“'’“VadVbMa 

= Vb {-2P^^^^UaU,ad) - 2P^^^^U,ad {Kba + MbUa) 

= Vbx' - x'a, = D^x" (104) 

This is the result used to obtain Eq. (35). 

A.3.2 Gravitational Momentum and related derivations for Einstein-Hilbert Action 

In this section we provide derivation to various identities used in Sec. 5.3. We start by giving the 
result for variation of Lanczos-Lovelock Lagrangian: 

(5 {^L) = V^EabSg^^ - d, (2y^P/-5rP,) (105) 

The Noether current can be written as: 

J“(g) = 2P^g'’+ 2P/™T,rP, 

= 2E^q^ + 2Pp«™T,rP, + Lg“ 

= 2£;,V-P“(g) (106) 

Then multiplying both sides by the four velocity Ua and taking qa = we readily obtain: 

-UaP'^iO = UanO - ‘^E-'^^aUb 

= (2Ax“) - 2NE^\aUb (107) 

Let us now consider the variation of the gravitational momentum corresponding to q°‘. This has 

the following expression: 

(^P“) = {^L) + 5 (2^P/™£,rP,) 

= (y^Pp,5gP«) - 9“9, (2y^P/-5rP,) + £, {2^gP/^^5Tl,) 

+ 5 (2y=^P/™) - £, (2v^Pp«™) 

= V^EpgSgP'^q’^ + + de (2v^P/"[“9"ljrP,) (108) 
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where in arriving at the last line we have used the following relation: 

£<tQ^ - = d, (109) 

for the tensor density = 2,/^Pp'^'^‘^SrPj.. Also since is a constant vector 6 and £q are 
assumed to commute. Also the object uj°‘ is defined as, 

(5, £q) = 6 £qrp, - £q (2v^P/™) 5TI, (110) 

This is the result used in Eq. (50). Then we can write the above relation in terms of the Noether 
current as: 

^ - ‘^V^gEUb) = + d, (2y=^P/'-[“g'=l(5rP,) (111) 

The above relation can also be written using the Noether potential as: 

db {-^ - 2y^P/’'[“r7'’4rP,} = ^/^EpqSgP^‘^ + + 25 (112) 

While for on-shell (i.e., when Eab = 0) we have the following relations: 

-5 (y=?P“) = + 5, (113) 

db {5 iV^r^) - 2y^P/’-[“g'’l5rP,} = v^a;“ + 25 {V^E^\b) (114) 

Then integrating the second equation over volume P with d^~^x\£h as integration measure and 
g“ = ^“ = 7Vu“ -I- N°' we arrive at: 


5 [ d^-^xVh{2uaE‘^\b) 
Jn 


m 


d^ ^xdb^S VhuaJ'^^iC) 

( d^~^xVhUaU}°‘ (5, £q) 

Jn 

J d^~^xdb^S \/huaJ°'^{C) 

( d^~^xy/huaU}°‘ (5, £q) 

Jn 


2Vhua (iVPp9"[“M^l + Pp9d«7v''l) 5rP, 

2Vh (iv/i^Pp9™ + Pp9"[“7V^i) 5rp,| 

(115) 


Then we want the variation of the Hamiltonian obtained by contracting the momentum along the 
four velocity Ua, such that: 


-VhUaP^{0=taV^P^{£.) 


(116) 


where the vector ta = —Ua/N in the coordinate system under consideration. Then varying the 
above expression (noting that variation of ta vanishes) we obtain 


-5 


VhuaP'^iO] = tad [V^P^iO] 


= -ta 


\/^gE„5gP'^C + (2v^P/’'[“rl5rP 


= Vhuau^" - ^EpqSgP^ + da [2y^M„P/"[“M"l5rP, 
= ^uau^^^ - V^EpqSgP"^ + da [2y^/i^P/™5rP,] 


(117) 
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where in the second line we have used the standard trick in order to get Ua and in the last line we 
have used the relation: 



(118) 


Defining the gravitational Hamiltonian as: 



(119) 


its variation can be obtained readily from Eq. (117) as: 





<f ^X'/hUaUJ°‘ 


f_D-l 


( 120 ) 


xy/^EpqSgP'^ + 


where in order to obtain the last term we have used the result that and ^—g = Ny/h. 

The above results are true for arbitrary variations. Applying it to Lie variation along we arrive 
at the following form for Eq. (117) as: 


-£^ VhuaP^O =2yrgEpqV^e + d,[2V^ghlPp‘^^-£^Tl,] ( 121 ) 


In arriving at the above result we have used the relations: £^g°‘^ = — (V“^^ + V^^“) and 
a;“(£j, £^) = 0. Now using Bianchi identity VaE’^^ = 0 we arrive at: 


£^ VhuaP^iO =d,[2yr9{E-‘^^a + KPp^--£^Tl,)] 


( 122 ) 


This is the relation used to arrive at the results in the main text. 

A.3.3 Noether Current and Gravitational Momentum for Related Lagrangians 

We first consider Lie derivative of various expressions which also involve non-tensorial objects. 
Since throughout we mostly have £q£1^ appearing in most of the expressions we will evaluate it 
explicitly. The Lie derivative has the following expression: 



(123) 


In this and all other expressions, the object {£q .. represents the Lie variation computed using 
the ... object as tensorial. For ease of notation in the later part of the calculation we will define 
the following objects: 


V“ 




qr 


(124) 

(125) 


ya 





la 
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Note that both of them are non-tensorial due to presence of the connection Following the 
above procedure the Lie variation of the object V“ takes the following form; 


= (126) 
where we have defined the non-tensorial part iF“ as: 

(127) 

In the Einstein-Hilbert limit the above non-tensorial object goes to: 

16,riF“ ^ d.drqP = g^’^dpd,q‘^ - g<^W,dpqP (128) 

which matches exactly with the result obtained in [43]. Applying the above result for the surface 
term in the Lanczos-Lovelock Lagrangian we obtain: 

= £,da (y^^“) = {£qda {V^gK^) (129) 

Since we have obtained Lie derivative of the surface term in the Lanczos-Lovelock Lagrangian we 
can compute Lie variation for the quadratic part. This leads to 

£q (v^Lqnad) = £q {V^L - = £g (V^L) - (i^,Asur),td " 

= da (\/^Lquad<7“) “ da {y/^K°‘) (130) 

Also we have another useful identity which will appear frequently in this calculation given by 

£,V“ - q^daV^ = (£,V“),,d - q^daV^ + 

= da ((Z"V“ - (131) 

Note that even though £q and <5 commutes for F]]^ (since <5 commutes with partial derivatives) 
they do not commute for V“, since 

5(i;,V“)=5(£,V“),,^ + <5(y^A-) (132) 

Let us now try to obtain the Noether current corresponding to the quadratic Lagrangian. For 

that we start with the following decomposition: 

£q (5^Aquad) — £q ["n/ g£ Lguj-j 

= ^/^Epq£qgP‘^ - mda (2v^g/-T,FP,) 

+ da [2v/^gp«-£,FP, + TP^£q (2v/=^g/-)] 

= da [-2^EU^ + Tlr£q (2^g/™) - 2(m - l)y^g/™i;,FPj (133) 
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Then from Eq. (130) we arrive at the following conserved current: 


V~5-^quad — + \/^-£/quad9“ ” 

- £, (2y^Q/™) TP, + 2(m - 

= - q°-y/^L + v/^Lquadg“ - 

- £, (2y^Q/™) + 2(m - 

= - £q (2y^gp«™rp,) 

= v/=5^“ - + £^ {^V^) 

= - V^q^V^) (134) 

This ultimately leads to the following expression on using Eq. (131) 

Jquad = ^“-2V,(r^,Q/^[“g''l) (135) 

This automatically shows that the Noether current and associated Noether potential corresponding 
to the surface Lagrangian is, 

Jsnr = V, (g^E" - gV“) ; = g“E'’ - gV“ = 2 (g^gp^^T^, - g^g/'-^T^,) (136) 


Thus variation of the Noether current for the quadratic term leads to: 


(CsCad) = ^ (C5 J“) - d. 

'sTP, 

4“) g'l+rP,5(2C5gC“) 9 "'' 

= \/^Epq5gP‘^q°' + + mdb 

(2v/CQp'^’''“) g'^^STPr 



+ 2q^6 {V^E^) - db 

'6TI, ( 2 C 5 C’ 

■[“) gCr^^j (2C5gC“) 9 '’ 


= y/^UJ°- - db 

C<5 ( 

2C5Qp^"'“) 9 '' 

+ (m - 1)3^ [(2vCQp^'''“) 


+ e;“ 

(137) 


where the equation of motion terms E°‘ can be given by 

= ^EpgSgP^^ + 2qH {V^E-) (138) 

Let us start with the definition for gravitational momentum in Lanczos-Lovelock gravity, which 
can be presented as follows: 


= 2y^p/™T,rp, + V^Lq- 

= £, (2v^P/™rP,) - mTP,£, (2v^g/™) + g“^Lq.ad - g^^e (2y=^g/’'^rP,) 

= + £, (2^p/™rp,) - g“a, (2v^gp«-rp,) (139) 

where we have defined the quadratic momentum as: 

Cad = (2^=5^^/™) - 9“CflCad (140) 
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Then we can write the quadratic momentum using V“ as: 

= + (141) 

Then using the result for Lie variation of V“ the quadratic momentum can be written as: 

Cad = - m [d, + q^d,V^] + 

= - rndc (g^V“ - g“V^) - rriy/^K'^ - (m - l)g“aeV= (142) 


Then under variations we obtain on-shell: 

<5Cad = ^ (^/^^“) - mS {V^gK^) + (2C5Q/’'[“) 


gr 


+ (2C5Qp’’'‘“) + (m - l)g“ae [<5 (2C3Qp’’'1 C + <5^] 

= -\/Cw“ - mS {y/^K°-) - mdc [^(^2C5Qp'^’''“) 9°'^ 


-I- mdc 


S (2C9Qp«’''“) g^lTP, + (2C9Q/’'[“) g^l^T) 

+ (m - l)g“a, (2C9Qp^’'1 C + (2C9Qp’’'1 ■^T^,] 
= + mdc [<5 (2C9Qp^"'“) 

+ (m - l)g“9, [<5 (2C9Qp’''") + (2C9Q/’'=) JT^,] 

These are the expressions used in the main text. 


(143) 


A.3.4 Characterizing Null Surfaces 

Let us now try to generalize the result for null surfaces to Lovelock gravity with the null vector 
ia such that = 0 everywhere. For that purpose, we start with the combination: 

■jp .fO'pb _ p p pqrpapb 
>^ab^ ^ — -^^apqr-^ 5 -o 

= {Rapqrt) 

= {VqVr£p - VrVq£p) 

= -2P'P«’'4V,V,£p 

= V, {-2P'>P‘i^ibVr£p) - s (144) 

where we have defined, the entropy density as: 

5 = -2P'^P‘^^V qlbV r£p (145) 

The Einstein-Hilbert limit can be obtained easily leading to: 

167r5 = - V,4V,£p 

= Va£Cr-(V,r)" (146) 
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as well as 


= {g^’^gP^ - g^^gP'^) 4V,4 
= 4v^r - rv^4 

= 04 (147) 

However in Lanczos-Lovelock gravity, the combination, 2P^p'^'~ ii,yr^p cannot be written as, ((>4, 
for arbitrary (j), since 2P^P‘^^iq£i,Vr-(-p ^ 0. Next let us consider the object, ^aJ°‘ {(-), for which we 
define, £a = AVaB. Then in Lanczos-Lovelock gravity, we arrive at: 

2P^'^’^HjdVcA^ 

= jVb [2P‘^^^Xid^c In 41] - ^ [2P“'’“‘'44Ve In HVfc In H] (148) 

Let us now expand Vein A in canonical null basis, such that we obtain, 

Vc In A = -nke + A4 + Bac^ (149) 

Note that we obtain, PS/c In A = k. In a similar fashion, we can expand, 2P“^'^'^£a4Vc In A in the 
following manner. 


-4 J“ (4 = Vh 


2P“^^'^44VelnA = P& + Qk'^ + R^e\ (150) 

It is evident that Q = — 2P“^'^‘^^a4^bVc In A = 0, due to antisymmetry of in the first two 

indices. Then it turns out that. 


P = -2P“^"^4fc64VelnA = /C (151) 

It is obvious from the Einstein-Hilbert limit, that 

16^/C = - (5“'=5“ - 4fcb4VelnA 

= - (5“'=5“ - 444 (-^4 + = n (152) 

Also in the expansion for, Vein A, we obtain, Ba is completely arbitrary. Then we can use Ba 
such that the following relation: BgP'^’^'^'^laPe^ef^ = KP°‘'^‘^‘^iakcideb is satisfied, such that, 
vanishes. Thus we obtain, 

2pahcd4^^y e In A = K.i'’ (153) 


Again, we get. 


2P^bcd^jdVc In AVfe In A = /C4 Vfc In A = k/C 
Thus, finally we arrive at the following result: 

4 J“ (4 = Va (/cr) - kK 


(154) 


(155) 
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Again by considering derivative on the null surface, we obtain, 


D, (/cr) = (5“" + rfc'’ + V, (/C4) 

= (/cr) + kH'^Va (/C4) 

= Va (/cr) - k/c - rva/c (i56) 

Thus the Noether current contraction can also be written as: 

4 (4 = Da (/cr) + ^ (157) 
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